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The vortical layer on an inclined cone
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The problem of flow over a circular cone inclined slightly to a uniform stream is
solved using the technique of matched asymptotic expansions. The outer expan-
sion is equivalent to Stone’s solution of the problem. The inner expansion, valid
in a thin layer near the body, represents Ferri’s vortical layer. The solution to
first order in angle of attack so obtained is uniformly valid everywhere in the flow
field. In the second-order expansion an additional non-uniformity appears near
the leeward ray. This defect is removed by inspection. The first-order solution is
in agreement with that of Cheng, Woods, Bulakh and Sapunkov. Formulas are
given that may be used to render Kopal’s numerical result uniformly valid to
second order in angle of attack.

1. Introduction

A curious singularity appears at the surface of a circular cone inclined at a
small angle to an inviscid supersonic stream. This phenomenon was unknown to
Stone (1948, 1952) who expanded the flow quantities formally in ascending
powers of the angle of inclination and found the first- and second-order perturba-
tions. His results served as the basis for extensive numerical computation by
Kopal (19475, 1949). The singularity was discovered by Ferri (1950) who gave a
physical description of the flow near the surface. He deduced that streamlines
crossing the shock wave at any circumferential location eventually curve around
the body toward the leeward plane of symmetry. Though the entire flow field is
rotational, a thin layer of intense vorticity lies near the surface. Ferri called this
the vortical layer. All streamlines approach the top ray, and consequently the
entropy in that neighbourhood is many-valued. Ferri called this the vortical
singularity (see figure 1). He has conjectured that at high angle of attack the
singularity leaves the surface of the body. The present flow problem is only one
case of the occurrence of vortical singularities. Indeed, they are present in any
conical flow without axial symmetry.

Cheng (1962) obtained a mathematical description of Ferri’s vortical layer for
the circular cone. He first solved Stone’s problem using the Newtonian approxi-
mation to simplify the analysis, and found a solution correct to first order in
angle of attack everywhere except near the body. He then used a modified
expansion scheme—not restricted to the Newtonian approximation—to study
the flow near the surface. The results thus obtained enabled him to render his
formal solution valid to first order in angle of attack even near the body—except
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626 Albert G. Munson

possibly in the immediate vicinity of the vortical singularity in the leeward plane
of symmetry. Sapunkov (1963a) pointed out that Cheng’s results for density,
shock-wave shape, circumferential velocity, and pressure are incorrect because
of an algebraic error.t Bulakh (1962a) used Stone’s first-order results to study
the flow near the surface. His results are similar to, but more general than, those
of Cheng. Woods (1962) also used the Stone theory to study the flow near the
surface, but did not attempt to give solutions valid in the entire flow field.
Sapunkov (1963b) used the Newtonian approximation and a modified expansion

Shock wave

F16UrE 1. Projection of streamlines on » = const. surface (schematic).
——, First-order stream-lines; ---, second-order streamlines.

scheme to extend his own results (Sapunkov 1963 a) and those of Cheng to second
order in angle of attack. His first-order results differ by higher-order terms—
which he subsequently discards—from the results of Cheng (1962) and Sapunkov
(1963a). He has also corrected a non-uniformity in the gradient of normal
velocity component which was not considered by Cheng and Bulakh.

A somewhat different approach to the problem was taken by Gonor (1958),
Bulakh (1962b), and Sapunkov (196354). Gonor obtained a solution for the outer
flow, valid for arbitrary angle of attack using the Newtonian approximation.
Bulakh and later Sapunkov treated the non-uniformity at the surface. Their
results show the existence of a vortical layer at the surface, but no explicit results
for flow quantities are given.

In the present work the problem is studied using the method of matched

1 One may obtain the correct result by erossing out terms proportional to log (1+%) in
Cheng’s equations (2.7), (2.8), (2.9), (2.10), and (3.19) and adding 2¢(1+%) log (1 + k) to
(3.18). Also in (2.9) and (2.10) in the same paper, log 7 should be replaced by — 1.
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asymptotic expansions (see Lagerstrom 1957; Erdélyi 1961; Van Dyke 1964).
Stone’s first- and second-order problems—representing the linear and quadratic
effects of angle of attack—are shown to provide the first-order and second-order
terms in the outer expansion. The non-uniformities in both these terms are
studied. A two-term inner expansion is found and matched to the outer expan-
sion. An additional non-uniformity appears in the neighbourhood of the vortical
singularity. This is also rendered uniformly valid. The first-order results agree in
form with Sapunkov’s non-uniformity in the normal velocity component, though
they show that he made a computational error. Indeed, it would be impossible
to construct a second-order expansion without a knowledge of this non-uni-
formity. Results otherwise are in agreement with those of Cheng, Bulakh (1962 a),
and Woods. The second-order terms give additional information about the
streamline shape, especially in the vicinity of the vortical singularity. Formulas
are given that correct Kopal’s tabulated results to second order everywhere in the
flow field.

Holt (1954) made a local analysis of the flow near the vortical singularity. His
results do not agree with either the present work or the results of Cheng, Bulakh,
Sapunkov, or Woods.

After the completion of this work the author learned that Mr R. I. Melnik of
Grumman Aircraft Company had obtained a solution to this and the related
problem of the flow over a cone of elliptic cross-section. The method used is
almost identical to that used here, but differs greatly in detail. The results are in
agreement.

2. Formulation
2.1. Co-ordinate system and dimensionless variables

A spherical co-ordinate system is chosen as shown in figure 2. The angle between
the axis and the position vector is ¢, the distance from the origin is », and ¢ is
the circumferential angle. The velocity at infinity, of magnitude u,, lies in the
plane ¢ = 0 and makes an angle « with the axis of the cone. The velocity com-
ponents u*, v*, and w* are in the directions of increasing r, 9, and ¢, respectively.
The pressure and density are p* and p*. The cone half-angle is 7. Dimensionless
variables are defined as

U= U* Uy, V= 0¥ USInT, W= wHuysina, p = p*p 4l sin?r, p = p*/p.;
(2.1)

0 = (sind —sin7)/sinT, (2.2)
It should be noted that @ is measured from the surface of the cone.
2.2. Differential equation and boundary conditions

Substituting the dimensionless variables into the inviscid rotational equations
for a perfect gas yields

2 w0 = sin? 7 (v2 2
[Jv80+0'1+058]u—sm 7 (v® + ow?), (2.3a)
p_ , w 0 ow 9 u
—6—0 = Up—l+0-—p [U%+J(l+0)a—¢+¢]] v, (2.3b)
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0 ow 0 1 [op
crp[ 50" 1+655+u]w=-—1—q_—5[6¢+m7pvw] (2.3¢)
(l+0)pu+J66[(1+t9)pv]+0' ¢[pw]—0 (2.3d)
w 0 P N
[J”@+”1+65$]57“0’ (23¢)
where o =sinajsint, J = cosd = {1 —sin27(1+6)%}.

In addition, since the flow is isoenergetic, the Bernoulli equation may be used.
Thus
Y Pn, L Y Po
1psm T 2+y————__1}000712;0. (2.3f)
These equations are not all independent. Indeed, any one except (2.3d) can be

eliminated. It is convenient, however, in the subsequent analysis, to consider
all of them, and at certain points to particularize to a given set of five.

2 =Y

L od
D

3(u? +v?8in?7 + c2w?sin? ) + v

Ficure 2. The co-ordinate system .

The boundary condition of tangent flow at the surface of the cone is
v(0,¢;0) = 0. (2.4)
At the bow shock wave the Rankine-Hugoniot relations must be satisfied.

A solution to this problem would furnish a complete low picture. There are two
practical difficulties, however. The differential equations are non-linear and the
position of the shock wave is unknown. Because of this latter difficulty, some of
the boundary values must be imposed at an unknown surface. In order to
circumvent these difficulties, Stone perturbed the well-known basic solution for
axisymmetric flow by expanding in powers of the angle of attack.

3. Outer problem
3.1. The outer solution, expansion in powers of o

Stone (1948, 1952) assumed that the dependent variables could be expanded in
ascending powers of the angle of attack, the coefficient of each term being itself
a Fourier series in the azimuthal angle ¢. He found that homogeneity of the
equations of motion and boundary conditions requires that all Fourier compo-
nents vanish except those shown below.

w(0, §; 0) = uy(0) + oy (6) cos P + o (uyg(0) + u22(0) cos2¢)+..., (3.1a)

v(0, §; 0) = vy(0) + ov,1(0) €08 P + TH9(0) + Vgp(0) cOS 20) + .. (3.1d)
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w(0, ¢' = wu )sin ¢ + owye(0) sin 2¢ + ..., (8.1¢)
p(0,¢;0 )+0'P11 )COS¢+0'2(P20(0) + Poo(0) cos 2¢) +..., (3.1d)
p(0, ;0 0) + 0p11(0) cos ¢+ 0%(pao(0) + pap(0) cos 2¢) + ... (3.1e)

Substitutlng (3.1) into (2.3) and equating coefficients of like powers of ¢ gives the
following systems of ordinary differential equations:

for the basic axisymmetric flow

Uy = vysin?7/J, (3.2a)
PolPo+ oo+ Upve/d = 0, (3.20)
vy + Vel Polpo + 1/(1 +0)} + 2uy/J = 0, (3.2¢)
Do/pY = const.; (3.2d)
for the linear effects of incidence,

VU7, = Vpsin27 vy, [J, (3.3a)
Vo011 + V11 (%o 11/ +5) + %11 o/ + D11/Po — P11 D0/P§ = O, (3.30)
Vo + Wi {Vo/(1+6) +u[J} — D11 /(1+6) poJ = 0, (3.3¢)
vu+vn(? 1iﬂ)+2?“+Jgfay+%(mﬁ =0, (3.3d)
P1/Po—Y(P11lPo) = 4, (3.3¢)
u0u11+vovnsm2‘r+%oyll [%0—1—/;—]:] sin?t = 0; (3.3f)

and for the quadratic effects of incidence,
WUy — SINET Wy, [ = {(— 1)3™/2Jvo} wyy (uyy +wyy 8iN2T), (8.4a)

14

1
000+ L3ty T+ v+ 52

, 1 V, 1
+”11(%”11 +§%:1 ”o) +jo (u2m+§p—0u]] +70—u0)

Ui (g, g 1Py Y (e Pu (%u =
+J(Wn+2%u0 (—1) U+®(J+%J 0, (3.4b)

U, Y, 1 , U W w3
vow22+w22 (']0 1_:0) ( 11 ]1+ 11

J T J(1+6)
+?f?+J51%i9_JJ?%pJ=Q (84
v ven (1 0) 1y 2 oo ()
—(_zl)%mJ(/ilﬁl)lpﬁ% (p?l:) [ “_”"I/ﬂ =0 49
2 2

Ug Ugm + 131 + (Vg Vo + 305 +1(—1 irmw%])su12
Y Po[ P2m+P11 1’1~*111P11_*_ sz] sin?7 = 0, (3.4f)

Y=1psl Po PR 2P0 Po

+
Po  PE 2Py Po 2 Py
with m = 0, 2 in each case.



630 Albert G. Munson

3.2. Boundary conditions

Stone (1948, 1952) obtained Boundary conditions at the shock wave by expanding
its position in ascending powers of ¢ about the position for ¢ = 0, and transferring
the expanded flow variables by Taylor series from the actual shock position to
the position for o = 0. The present results differ slightly from those given by Stone
because he used wind rather than body axes.

The outer expansion will later be seen not to be uniformly valid near the sur-
face, because of the vortical layer. It is therefore not correct to satisfy the
boundary condition at the body surface by substituting (3.15) into (2.4). Since,
however, no layer exists at zero angle of attack, we can conclude that

vg(0) = 0. (3.5a)

Woods pointed out that if wind axes are used one encounters difficulty in
formulating the surface boundary condition because of the non-uniformity in the
expansion for the normal velocity component. This is avoided here by the use
of body axes.

It will be shown later that the correct boundary conditions for the higher-order
perturbations are 0,4(0) = 0, (3.5b)

Vgn(0) =0, m =0,2. (3.5¢)
These conditions would be obtained if one substituted (3.15) into (2.4).

3.3. Behaviour of the outer expansion near the surface

The non-linear equations (3.2) governing the basic axisymmetric flow were
solved numerically by Taylor & Maccoll (1933) and Kopal (1947 a). The equations
governing the linear (3.3) and second-order (3.4) effects have been solved
numerically by Kopal (19475, 1949). Roberts & Riley (1954) have given
formulas that can be used to transform the numerical results of Kopal to the
present co-ordinate system. Thus solutions to the systems (3.2), (3.3) and (3.4)
are available in the literature.

We will now examine these systems of equations and ascertain the behaviour
of the solutions near the surface. From (3.5a) and (3.2¢) it follows that for small
0, vy— 0 while v; is finite. Therefore near the surface we have

vy = Ovg(0) +.... (3.8)

From (3.6) both the first- and second-order equations possess coefficients that
vanish near the surface. The possibility therefore arises that some of the first-
or second-order quantities are singular near the surface. Since both of these
systems are linear and the individual equations are first order, they may be
integrated formally and the resultant integrals examined near the surface.
Stone (1948) has shown that the first-order quantities are regular at the surface.
Clearly, from (3.4¢) and (3.6) the second-order correction to either the pressure
or density or both is singular at the surface. Indeed, for small § we have

pZm p2m w d :
£2m __ o, l2m 0 1\dm f 117 10 + terms finite at surface. (3.7
Do 4 Po (=1) 2Jw, )
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It can be shown that p,,, and u,,, are the only second-order quantities that are
singular at the surface (dv,,,/dq is singular, however). So we have

Pam wy(0)d .
2m — (=127 ___]og f + terms finite at surface, 3.8a
Po D 500 v0) % (8.84)
— (— 113m @11(0) [%14(0) +104,(0) sin®7] .
Ugpy = (— 1)2™ 2.J(0)5(0) log 6 + terms finite at surface.

(3.80)

Some useful relations between the zero-incidence, first-order, and second-order
quantities at the surface are

v = — ug), (3.9)

UgWyy = P11/Pos (3.10a)

vy = —2uy[J —wy/J, (3.108)
Z—%’:’%—ﬂ;lun =%—1‘;—?, (3.10¢)

UgWas + § (U Wiy +Wh + P11 P11/P) — 2P22/P0 = O, (3.11q)

Vo + MWaa T + 209y [ + 0P/ Po) — (— )™ prywyy/2Jpy = 0,  (3.11D)
U Ugy + Fud; + 3(— 1)¥m 0}, sin?7

Y &)[ p2m 1p11 lpllpll pzm]81n21'—0 (3‘110)

y=1psl po 2P 2P0 Po

where J(0) = cosT. Stone (1952) and later Cheng (1962) noted this singular
behaviour of the second-order quantities but Kopal (1949) ignored it when he
obtained numerical solutions to the system. This behaviour is an indication that
some of the quantities are not given correctly at the surface to second order by
the outer expansion. From the following expression for entropy it will be seen
that even the first-order variables are not given correctly there. If we define As
to be the difference between the value of entropy at incidence and the value at

zero incidence, then As D (po\?
2 1o [_ (_0) ] 3.12
Cy o8 Po \P ( )
Substituting from (3.1) gives
As P Pao ¥ (Pu\?_1(Pu)®
— = odcos +0'2{i’— —ﬁ’+—(—5) —-(3)
Cy ¢ Do 7 Po E\po 4\ po
P2 Paz 7 (P11)2 (Pu) ] }
=y = =)+ cos 2 .. (3.13
[Po Y Po 4\ po Po ¢ ( )

It can be concluded directly that (3.13) predicts an entropy variation on the body
surface to first order, whereas we know the entropy should be constant. From
(3.3¢), the coefficient of o cos ¢ in (3.13) does not vary with ¢ and hence can be
computed from the shock-wave relations. From these relations it follows that
only for shock waves of zero strength is this coefficient zero. The second-order
correction to the entropy is of course infinite at the surface.
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3.4. Region of non-uniformity
The form of the singularity, i.e. the fact that p,, ~ log@, suggests that near the
surface the first-order density perturbation is proportional to #°. This in turn
suggests that the behaviour of the solution near the body can be described

better in terms of 6 than in terms of & itself.
This same conclusion can be arrived at by other considerations. In reducing

(2.3¢) to (3.3¢) it is necessary to drop

w 2 .pll p__l]:
e 0sm ¢( -y )

Po Po
while retaining ?OCJﬂS 860 (Pu 7/;’011) )
o

Aslong as 0 does not approach zero the former is smaller than the latter, but near
the surface the situation may be reversed since by (3.6) v, is proportional to ¢
for small 6. We must therefore consider a small region in which &(8/é6) = O(o).
If we define @ = 67, we magnify the region such that ©(8/00) = O(1).

4, Inner problem
4.1. Inner variables and differential equations in inner variables
New independent variables that are of order unity in the vortical layer are

defined according to 0 = 67, (4.1a)
D =g (4.10)
To exhibit the zero in the velocity we define
V =v/6. (4.2a)
This makes V of O(1) in the region of interest. The other dependent variables are
defined according to U=u, (4.2b)
W =uw, (4.2¢)
P =p, (4.2d)
R=p. (4.2¢)
We substitute the above into (2.3) and obtain
0 w e
i Ao — qin2 2/o T2 272
[GJV®6®+01+®1/06(I>]U sin?7 [ V2 4 o2 W2, (4.3a)
T we w a Yo
0@5@ =0 { R Trow 0'V® J—_—(1+@1/<7) BT T (&1 V)}
(4.3b)
0 w 1 oP Yo
oR [O'JVG)% iTow 6<I)+ U] W = SN [a®+0'® JRVW] (4.3¢)
201+ 0V)RU +J(1+0Y) VR + Jo® o[(1 + OY7) VR]/2O + c d(RW)[oD = 0,
(4.3d)
w 1P
[O'JV@a—@-+ 1+®1/"56]—E7—’ =4, (4.3¢)

P 1
112 4 20 T2 gin2 2T 2 o2 Y 2 1 7 Do 4
L(u?+ O V2sin?7 + 02 W2sin T)+y 1 Bsm T = 2+——?’—1Pmum‘ (4.31)
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4.2. Inner expansions

We expand the inner variables in ascending powers of o according to

W(®, ®;0) = z o IO, D), (4.4a)
U(®, ®;0) = ni o U,(0, D), (4.45)
V(0,®;0) = néoomv;,(& ), (4.4¢)
PO, b;0) = :éoo"Pn(G, ), (4.4d)
RO, ®;0) = ng;o oR, (0, D). (4.4¢)

We substitute these expressions into equations (4.3) and equate coefficients
of like powers of 0. The zero-incidence equations simply express the fact that these
quantities are not functions of 0, i.e. they do not change across the layer. This is
the result we expect intuitively. We find the following systems of equations for
the linear effects of incidence

[JV; ©(6/00) + W,(2]o®)] U, = W2sinr, (4.5q)
9P,00 = 0, (4.5b)
R, U, W, = —oP,/o®, (4.5¢)
2T, + JV, + (8W,[®) = 0, (4.5d)
P, R
[J%®3®+m3(1)]( ’)’E) =0, (4.5¢)
P P, R,

and for the quadratic effects of 1n01dence
[JV,0(0/00) + W, (0/0@)] Uy + [JV, ©(0/20) + W ,(8/0®)] U = 2sin2 W, W,, (4.6a)

0B,)60 = 0, (4.65)
10 U, B W 0
K R A R S N A (4.6¢)
2T, o P, 16
I'5“‘77 Mo~ %@K 736 (4.64)

s w1101

[ ko dim | [B-vE] -0, o

P, v R, R? PR, R}.
1772 L 1W2sin27 420 _ 1 e H1 f1f4 2.,
Uy Uy + $U% + 3 Wisin T+R 7__1[ R0+R3 POR0+PO]smT 0. (4.6f)
Note that the terms of O(®') do not contribute to the inner solution. This is
consistent with neglecting exponential terms in classical boundary-layer theory.
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4.3. Boundary and matching condition

The boundary condition at the surface is obtained by requiring that (2.4) be
satisfied. This is shown in detail in §5.3.

The inner expansion is valid only in a thin layer near the body and cannot be
expected to satisfy the shock conditions. Therefore the boundary conditions are
obtained by matching with the outer expansion. We apply the following
matching principle:

m-term inner expansion of (p-term outer expansion)
= p-term outer expansion of (m-term inner expansion). (4.7)
As an example of the application of the matching principle consider the three-
term outer and inner expansions for the pressure.
3-term inner expansion of [py(0) + o, (6) cos ¢ + 0F(pgy + Pgg €08 2¢)]
== 3-term outer expansion of [Fy(®, ®)+ o (0, )+ 02F(0, )].  (4.8)
We construct the outer expansion of the first bracket by rewriting the terms
therein in the variables ® and @ (e.g. p,,(0Y*) cos @) and expanding in powersof o.
Therefore we obtain
Po(0) + p1;(0) cos @ + 03{Pyy(0) + p25(0) cos 2B}
= 3-term outer expansion of [Fy(®, @)+ cF (O, D)+ 250, P)]. (4.9)
Similarly, we take the outer expansion of the expression in brackets in (4.9) by

writing the functions in inner variables and expanding in powers of o. See §5.3
for examples of this.

5. Uniformly valid solutions
5.1. General procedure

In what follows we will solve the system of equations governing the first-order
perturbations, apply the matching and boundary conditions and immediately
modify each inner expansion so that the result is uniformly valid throughout the
flow field. We will solve the second-order problem in the same fashion. Before we
do this, however, we will first obtain a solution for the pressure.

5.2. Pressure
Pressure is in a class by itself and can be disposed of first. The equations for the

first- and second-order pressure perturbations state that these quantities are
independent of ®@. From this fact and (4.9) we obtain

By = po(0), (5.1a)
P, = p,,(0) cos D, (5.1b8)
P, = p40(0) +P22(0) cos 20. (8.1¢)

Then the outer expansion (3.1d) is uniformly valid to second order everywhere.
This result is not restricted to second order. From (4.35) it follows that

oP, /0@ = 0 for all n. (5.2)
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Therefore the outer expansion for pressure is uniformly valid to any order. This
is in contrast to viscous boundary-layer theory where the second-order correction
to the pressure varies across the layer (Van Dyke 1962).

5.3. First-order solution

We shall now solve (4.5) for the first-order perturbations. Since P is known from
(5.1b), equations (4.5a), (4.5¢), (4.5d) and (4.5f) are sufficient to determine the
unknowns. First, we evaluate the basic axisymmetric flow quantities. Because
these quantities do not change across the layer the outer expansions are valid at
the surface. Therefore we can write

U, = u4(0), (5.3a)
Ry = py(0), (5.30)
¥, = v}(0). (5.3¢)
We have from (4.5¢) Wy = p41(0) 8in @/ py(0) u4(0), (5.4a)
and from (3.10a) W, = wy,;(0)sin . (5.40)

Since the coefficients of (4.5a) are now known we can integrate this equation,
using the theory of characteristics for linear partial differential equations of
first order. The result is

uy = f(&) —wyy sin?7 cos @, (5.5a)
where f is an arbitrary function and
G = @uu0secrivg® (] + cos P)/(1 — cos D)]. (5.58)

We must evaluate f from the matching condition (4.7). This condition requires
that (0)+ 0wy (0) cos @ = 2-term outer expansion of (U + o). (5.8)

We now consider the function (1 — £3)/(1 + {%). We write this function in terms of
0 and ¢, expand in ascending powers of ¢, and retain the first term. We obtain

1-term outer expansion of [(1—¢2)/(1+£%)] = —cos @.
Therefore to satisfy (5.6) we must choose f as

f(&) = — (u13(0) + wyy (0) sin?7) (1 - £ /(1 + &3). (6.7)
From (4.5f) (and substituting from (3.10)) we find thatt
R, dl —§§+Z)n(0) cos ; (5.8)

By 71+8% ¥po(0)
also from (4.5d) we find ‘
Vy = [2/J(0)] [413(0) + w1, (0) sin®7] (1 — £3)/(1 + &)

+ [w,,(0)/J(0)] cos @ (2sin?27—1). (5.9)
It follows, from a comparison of (5.9), (3.100) and the definition of V (4.24a), that
¥V, matches the first perturbation term in the outer expansion. It also follows,
from the fact that u,; and w;, are well behaved at the surface, that the normal
component of the velocity, 0V, vanishes at the surface. Thus the surface-boundary
condition is satisfied.

T Many alternative forms of this and the following equations can be obtained using
(3.9), (3.10) and (3.11).
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Uniformly valid expansions for the density and radial velocity are given by
U = g — 0{[uy,(0) + w1, (0) sin? 7] [(1 - £3) /(1 + §2)] + wy,(6) cos Dsin?7} +..., (5.10)
&% | pu(0) ;
+ + cos @i+ ... 5.11
p=h p°{71+€2 7P0(0) (511
To construct a uniformly valid expansion for the normal velocity we use the
following rule for each term

uniformly valid expansion = inner expansion + outer expansion

. —inner expansion of (outer expansion).
Therefore we obtain P ( p )

v = v(0) + 06{2[u1,(0) + wy, (0) sin® 7] sec 7 (1~ £3)/(1 + £3)

+w,,(0) cos @ (2sin?7— 1) sec 7 —v3;(0) cos D + (1/0) vy (0) cos D} +.... (5.12)
To first order in o the outer expansions (3.1¢) and (3.14d) for w and p are uniformly
valid. The uniformly valid first-order expansion for the entropy can be found by
substituting (5.11) and the first two terms of (3.1d) into equation (3.12). The
result is Asje, = —od(1—D)[(1+L2) + ... (5.13)
Equation (5.13) agrees with (3.13) in the region where the latter is valid and
predicts a constant value of entropy on the body surface. First-order streamlines
are lines of constant {; (see figure 1).

5.4. Second-order solution
The system (4.6) excepting (4.6¢) is solved in the same manner as was (4.5). That
is, W, is evaluated from (4.6¢) and (5.1¢). Equation (4.6a)is then integrated and
the matching condition (4.7) applied. The resulting second-order expansion is

U = ug(d) - a{[u11(0)+wn(0)sm2'r] —& !+ w,(8) cos @ sin? }

1483
o { [uzz(ﬁ) 41 1 wlt(ﬁa)) (%11(0) +wy,(0) sin?1) sec T log 0] (i ;g)z
wy(0)

+ U (0) — uge(0) — 0 (u31(0) + w11(0) sin? 1) sec Tlog &

sin?7 [ 4py,(0) wih(0) . o wn(0) pu@)  wh(0)
2 [p0<0>uo(0> w0 " T Ty p0) ()]

() oot ot [+ om0

— — 2
x [cos @ i — g + (; — g) ] + 23897) (21(6) + wyy(6) sin27)

W) un(0) | w0) ., wu@)d]] 43 1-8
"[2 Bw®) e T d][(1+§%)21+§%1°g®J

1 ) 4p,5(0) wh(0) .
By @) (0 + v (O) sintT) [po(eﬁo(e) ~25,0) T

_wy(0) pu(0)  3uwh(0)][ 4¢3 e 402
y o) 2 uo(ﬁ)] [(1 +§g)2] [1°g sin® @ —log 7" +§%)2:“ +.... (5.14)

+
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V; and R, can now be evaluated from (4.6d) and (4.6f). Before this is done it is
desirable to examine (5.14). It can be seen that w,, and u,, always occur in
combination with terms proportional to log 8. These terms arise as a result of the
application of the matching principle. Equation (3.85) shows that u,, and wuy,
are themselves proportional to log & near the surface and a comparison of this
equation with (5.14) shows that the terms in question are well behaved near the
surface. All other functions in (5.14) are well behaved near the surface except
the terms proportional to log sin ® and log ®. Because of the functions of {, that
multiply these two logarithmic terms, they can be singular only at 6 = 0, ¢ = 0;
that is, near the leeward ray. Thus we have reduced the region of non-uniformity
from the entire cone surface to the neighbourhood of the top ray.

This additional non-uniformity can be treated by observing that, as a result of
the expansion procedure, a term of the form ®“ would appear as

l1+olog®@+....
First, we notice the following:
log sin? ® = —log {3 +log ®2wusecrivo + Jog (1 + cos D)3, (5.15a)
1—{(1+ cos ®)/(1— cos @)} 1@+70 1 —{(14 cos ®)/(1—cos D)} @:6)
1+{(1+ cos ®)/(1—cos D)} OhOR® ~ T+ {(1+ cos ®)/(1—cos )} ©L®

{(1 4 cos ®)/(1 — cos )} GN®
A0 7 T {1+ cos 0)](1 = cos ©)] 070

1-070 = —gf,(f)log® +.... (5.15¢)

log®+..., (5.15b)

Equation (5.14) can now be rewritten, using the above relations, in the form

¥
14+ &2

(214(0) +wy;(0) sinT) [2 Yu

+ w4 (0) sin27 cos @
vo(0) (0) uy,(0) +2w%1(0)
4w?,(0)secr uy(0) uy(0)

—_ _wl;(a.).é] ( 1 — @4ouwii@sec ‘r/[v{,(@)]”) 4€§ 1;5%}
Y (1+&3)* 1+ 83

= 4o(0) ~ ol (0)+ i (O)sint 11 o

sin?r

+

wy,(0)
vo(0)
+ tgg(0) ~ uge(0) — wu(( ))

sin2r 4}722(6) 11(0) 11(0) pu(@) w 1(0) 11— gg 2_
2 [Po(e) u,(0) ’11«0(9) T+ Y Do(0) + uo(a)] [(1 i Cg) cos? (D]
w}y(0)

o(0)
1 . D90(6) w3,(0)
+ 200) (%41(0) +w,,(0) sin27) [po(ﬁ)zzuo(é’) -2 :)1(0) sin?r

e {[211,22(0) + 2% (141, (6) + wyy(6) sin® ) sec 7 log ”] (i T g§)2

(241(0) +w,,(0) sin?7) sec T log &

-+

_w11(0) Pu(9) 3 wh(0)] 483 21 483
Y 20 2 uow)] 1+ [hg‘”""sq” °g<1+§a>2]}+ oo
5.16a
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o _ (1+cos®y _ 2wy (O)seer[ o 4p5,(0)
& (Ml-cos o) 0% where A ==—"05 [ w3, () (pow)uo(&)
wh(0) . , _wu(@)pu(ﬁ)__ﬁw%l(ﬁ)
+2*——u0(0) sin27 v py(0) "3 uo(ﬁ))]' (5.160)

The equation above is uniformly valid even in the neighbourhood of the vortical
singularity. Elsewhere it agrees with (5.14) to second order in o.

The previously determined uniformly valid second-order expansion for the
circumferential velocity is

%13(0) wy;(0)
(9)

Pu(e)Pu(e) wi (0) (o) .
PO) %o(0) T (@) ST 5 ¥nld) ow))s“‘“’

w(0) uy (0) w2 (6) . - d\ . 1-3
+( (@) + e(0) sin?t w11(0)y)sm®1+€2} . (6.16¢)

The expansions for the density and normal velocity are

£ = po(0) + ope(6) {é 1-63 + 1pu(0) cos @ — v(0)d [ wy(0) uy4(6)

w = wy;(0)sin © + 0'{2 (2w22(0) +

Y1+83 v po(9) dyw3 (O)sect %y(0)
w3 (0) . 2 wy(0)d 410§, (6) sec? /() _ 408 12
2@ T, ][@ ”[(1+c2)21+c }

1 Pzz(g) d1-02 1 2u(9) 2 P11(0)
2 6 - ~Lt N 7
+otpyO) [ P con0+ 5 (y1+§2+ypo(0) cos ) - 2y(po(6>) ost®

P22(0) 11’22(9) P1(9) pu(f)\?

+2 [po(e) Y Po(0) + (Po(a)) (Po(a))

1 w,(0)d 1 -8\ psa(9)

5wy om0 (rg) 2
L’Pzz(a) P2l0)  wi(6)d

7 20 T po0) * iy 07180

1 d [ 4pga(0) 2”’%1(0) .

w1 (6) p11(6) 3 w%l(a)]

sin?r —

2y wyu(6) Lpo(0) ue(8) " uel6) v ol T2 0(0)
x [(—ﬁéé?] [log (1+cos ®)2—log (1 fg )2]} +. (5.164)
v = v,(0) + o0 {2['“11(0) +w,,(0) sin? 7] ;—ggsec T
+wy;(0)cos D (2sin?7 — 1)seor + '(% S (1(0)+ 03 0) i) [2 wn(;)o)(z;l(O)
+2 n(<00)) sinzr — “1u(®) d] [1 — @ et @500t 7oA <1i€22)a i +§§
— v (0) cos @ +% v11(6) cos d)} +020 {sec 7 [( (0 (0 o

Po{0) %5(0) * u,(0)
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_“’11(0)1’11(0)_'“’%1(0) sin21'_ __w11(0)P11(0)
7 2ol0) uo(O))(_z 1) 2y po<0)]“°52q’

(0) . 2p4(0)
—92secT [2u22(0) v(l,t 0) (%11(0) + wu(O) sin®7) sec7log § + sin?7 (p——_o(O)zuo(O)

(0) n27 wu(O)Pu( ) w%1(0) wu( ) u1,(0) +w11(0)d)]
2uy(0) 2y po(0)  2uy(0) %y(0) Y

( 2) +sec‘r[2u22(0)——2u20(0) +sin21( 2P4s(0)
w},(0)

1+ 8% Po(0) uo(0)

_wi(0)213(0) _ wyy(0) pu(0) w¥1(0))
2y po(0) 2y po(0) 2ue(0)

) sin2r
2u,(0) ™
2w11( )

0(0)

wh(0) . o wy(0) 1-82 sect
+ ) sin27 5 d]cos(D1+§§ ” (0)( 11(0)

4p(0) 9 w3 (0) §in®7 — wy (0) py(0) 3 “’11(0)]

Po(0)ue(0) — u(0) Y 2o(0) 2 uy(0)

§2 . 463 _ 2wy,(0) u4,(0)
(1 " § g [log (1+cos ®@)2—log - §§)2] secT [—————————uo(o)

WwhH0) ., wy(0)d] 4
+ #y(0) sin7 y d](l_gg)z 20(0) — vg5(0) cos 2@

+ (1/6) (vg9(0) + v59(0) cOs 2<D):+ (5.186¢)

wy1(0) %4,(0)

+ (%11(0) +wy,(0) sin%7) sec 7 log 6] +sec7(2s8in27—1) [ 20
0

+wy;(0) sin?7) [

The previous expansion for the pressure, equation (3.1d), is uniformly valid to
second order in o. The uniformly valid expansion for the entropy can be found by
substituting (5.16d) and (3.1d) into equation (3.12). The result is

gz_q{ =8 w(0)d [2w11(0)uu(0)

Cy 1+82 4u? (f)sec ug(0)
w 1 1(0 d] 4wt (0) sec? T/(vy(6)2 _ 1 [ 4§§ l:_g_% }
+2u0(0) sin2 7 — [® ] Tiarisa

_ Pzz(g)_Pzz(g) 2 Pu(0) Y Pu(0)\? 1wy (0)d
"2{2 [7 260)  20(0) +4(po<0)) (po(e)) 2 0y(0)
1802 paa(6)  P2s(0) | P2o(0) Pro(6)
8 (1+§2) Y00) T 18 T 06 P(6)

wu() 1 d 4p,0(0) w} (0)
w(®) “coTosl- 2wu<0)[ 2(0) 20 2 ua(0)

wy®) pul®) | 3ukO)][_ 48 4
y po<0)+2uo<e)][<1+§§)2] [‘°g”+°°s¢”2 1"g<1+§2)“+( .
5.16

sectlog 0]

+

sin?r
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5.5. Discussion

To obtain a picture of the flow it is sufficient to examine the first- and second-
order expansions for the entropy, since lines of constant entropy are projections
of the streamlines onto any surface r = const.

From (5.13) it can be seen that in the outer region As is constant on lines of
constant ¢ as in figure 1. Near the surface, streamlines bend around the body
toward the top ray. {, varies from zero to infinity, the cone surface and the
streamline in the plane of symmetry on the windward side of the cone corre-
sponding to §; = 0. From this fact it is clear that the body is wetted by the
streamline carrying the maximum entropy. The streamline in the leeward plane
of symmetry carries the minimum entropy and is described by { = co. These
two streamlines meet—as do all other streamlines—at 6 = 0, ¢ = 0 (see figure 3).

[

FiaurE 3. Projection of streamlines in the neighbourhood of the vortical singularity on
r = const. surface (schematic). , Firgt-order streamlines; ---, second-order stream-
lines.

Thus it is clear that the first-order solution represents Ferri’s vortical layer
together with the vortical singularity at & = 0, ¢ = 0. The analytical results of
Cheng, Bulakh, Woods, Sapunkov and Melnik are in agreement with these
results.

The second-order perturbation is a correction to the vortical layer solution. The
surface streamline and the streamlines in the windward and leeward planes of
symmetry are unaltered. As shown in figure 1, the other streamlines depart
slightly from lines of constant §,. Near the vortical singularity, however, As/cv
is a function only of {,. Thus, in this neighbourhood we can approximate the

streamlines by HoHO 02 = const. (5.17)

The functions f, amd f, are those in the exponent of ® in (5.16b). Clearly, the
second-order correction to the streamline shape in the neighbourhood of the
vortical singularity—i.e. o3f,(0)—alters the streamline shape slightly but does
not change the analytic nature of the curves (see figure 3).
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The second-order perturbations agree in form with those of Sapunkov every-
where except in the neighbourhood of the vortical singularity. In that region
Sapunkov’s result for the streamline shape is

08|¢* = const., where B = g, +0?%,(07%1/¢?) (5.18)

and g, is a constant. It is clear this does not agree with (5.17) since 6/¢? takes on
all values from zero to infinity near the vortical singularity. To compare these
two results, we consider generalizing them to nth order. We would obtain for the
function in (5.17) an nth-order polynomial in ¢ in the exponent of 6, whereas
for the function in (5.18) we would obtain a very complicated expression with an
escalating exponent. If we substitute this latter function into the equations of
motion we arrive at a result that is not consistent with any sensible local expan-
sion. It is on this basis that we prefer (5.17).

Ferri (1950) has conjectured that at high angles of attack the vortical singularity
leaves the surface of the cone. Although our result is valid only for small angle of
attack we may reasonably ask if it supports Ferri’s conjecture. We might sus-
pect that the additional non-uniformity that appears in (5.14) is connected with
this phenomenon. If we assume that this is true, it follows that the vortical
singularity will be located at

=0, 0O=ko,
where k is a constant. Then the first-order terms will be of the form:

1— (0 ~ ko )17z (1 + cos @)/(1 — cos @)
1+ (O~ ko)rtofe (1 + cos D)/(1 —cos @)’

We now expand this expression for small o and try to identify the result with
terms in (5.14). The result of the expansion is

1 —-07(1 4+ cos ®)/(1 —cos D) ®71(1 + cos D)/(1 — cos ®)
1+ 0%(I+cos ®)/(L—cos @) 0-(1 + @71 (1+ cos @)/(1 — cosD))?

x (folog® —f, k®-1)+ ...,

Since no term proportional to ®—1 appears in (5.14), we must conclude that to
second order in angle of attack the singularity remains on the surface. The
appearance of such a term in higher-order perturbations would be an indication
that the singularity leaves the surface.

Numerical values for the first-order outer quantities can be obtained by
applying the transformations of Roberts & Riley (1954) to the results of Kopal
(1947b). Since Kopal (1949) ignored the logarithmic singularities in the compu-
tation of the second-order quantities, the results of Roberts & Riley probably
approximate closely the correct second-order quantities with the singularities
removed. For example, the second-order density perturbations one would
obtain from applying Roberts & Riley’s formulas to Kopal’s result probably
closely approximate

Pom+ (— 1F™ (wy, dj2yJvy)log 6.

The same is true for the radial velocity perturbation.
41 Fluid Mech. 20
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Our solution displays the basic features of Ferri’s vortical layer, the only dis-
agreement being with Ferri’s estimate of the thickness of the layer. The present
result and also the results of Cheng, Bulakh, Woods, and Melnik indicate that
the layer is thinner than any power of o. The solution carried out here to second
order in o could be extended to any order, though a certain amount of ingenuity
would be required to treat the vortical singularity itself to higher order.

Theresultsof Bulakh (1962a)are in basic agreement with the present first-order
solution. His result for the radial velocity is identical with (5.10) if one changes
uf tow,(0)in his equation (5.4). The present results correct the non-uniformity in
normal velocity gradient that he overlooked. The solution of Woods (1962)
contains some of the features of the present first-order solution, but no explicit
results for the flow variables throughout the flow field are given.

The present first-order solution can be compared directly with the results of
Cheng and Sapunkov (1963a, 5) by taking the Newtonian limit of the zero-
incidence and first-order quantities. This is done by writing u,, v,/€, Dy, and €p,
as functions of ¢ and 6/e, and expanding them in ascending powers of

e=(y—-D/(y+1).

The process has been carried far enough to check first-order results, i.e. coeffi-
cients of o and e. The results obtained agree with Cheng’s corrected results in the
outer region and with those of Sapunkov. The Newtonian limit of the inner
expansion is obtained in the same way, except that the independent variables are
(8/e)s and ¢. With the exception of the normal component of velocity, these
results agree with those of Cheng. The present results confirm the presence of the
non-uniformity in normal velocity that was discovered by Sapunkov (19635),
but show that he made an algebraic error in removing that non-uniformity. One
may obtain the correct result by replacing the coefficient of 6¢ in the first of his
equations (7.2) by —2sin?7sinw/cos7.

The second-order terms are corrections to the basic vortical layer solution. The
streamline shapes are altered in the entire flow field. In particular, in the neigh-
bourhood of the vortical singularity they are given by (5.17). The unpublished
results of Melnik are in agreement with (5.17). Kopal’s tabulated results can be
corrected to second order everywhere by using equations (5.16).

This work was partially supported by the Air Force Office of Scientific Research
under Contract no. AFOSR 96-63.
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